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Lq dwlrqdu| Eldv lq d Vlpsoh Vwrfkdvwlf
Hfrqrp|
Lrdqqlv Ndudw}dv/W Pduwlq Vkxeln/
Zlooldp G1 Vxgghuwk/W dqg Mrkq Jhdqdnrsorv_
6 Vhswhpehu 5334
Devwudfw
Zh frqvwuxfw h{solflw htxloleuld iru vwudwhjlf pdunhw jdphv xvhg wr prgho dq
hfrqrp| zlwk dw prqh|/ rqh qrqgxudeoh frpprglw|/ frxqwdeo| pdq| wlph0 shulrgv/
dqg d frqwlqxxp ri djhqwv1 Wkh wrwdo surgxfwlrq ri wkh frpprglw| lv d udqgrp
yduldeoh wkdw  xfwxdwhv iurp shulrg wr shulrg1 Lq hdfk shulrg/ wkh djhqwv uhfhlyh
htxdo hqgrzphqwv ri wkh frpprglw|/ dqg vhoo wkhp iru fdvk lq d pdunhw> wkhlu
vshqglqj ghwhuplqhv/ hqgrjhqrxvo|/ wkh sulfh ri wkh frpprglw|1 Doo djhqwv kdyh
d frpprq xwlolw| ixqfwlrq/ dqg vhhn wr pd{lpl}h wkhlu h{shfwhg wrwdo glvfrxqwhg
xwlolw| iurp frqvxpswlrq1
Vxssrvh dq rxwvlgh edqn vhwv dq lqwhuhvw udwh 4 iru ordqv dqg ghsrvlwv1 Li n 4 lv
wkh uhflsurfdo ri wkh glvfrxqw idfwru/ dqg li djhqwv pxvw elg iru frqvxpswlrq lq hdfk
shulrg ehiruh nqrzlqj wkhlu lqfrph/ wkhq wkhuh lv qr lq dwlrq1 Krzhyhu/ wkhuh lv dq
lq dwlrqdu| wuhqg li djhqwv nqrz wkhlu lqfrph ehiruh elgglqj1
Zh dovr frqvlghu d prgho zlwk dq dfwlyh fhqwudo edqn/ zklfk lv erwk dffxudwho|
lqiruphg dqg  h{leoh lq lwv delolw| wr fkdqjh lqwhuhvw udwhv1 Wklv/ krzhyhu/ pd| qrw
eh vx!flhqw wr frqwuro lq dwlrq1
Nh| Zrugv= Lq dwlrq/ vwudwhjlf pdunhw jdph/ frqwuro/ lqwhuhvw udwh/ fhqwudo edqn/
htxloleulxp1
MHO Fodvvlfdwlrq= F:/ F:6/ G;4/ H74/ H8;
WWkh uhvhdufk ri L1 Ndudw}dv dqg Z1G1 Vxgghuwk zdv vxssruwhg lq sduw e| wkh Qdwlrqdo Vflhqfh Irxq0
gdwlrq/ xqghu judqwv GPV33<<9<3 dqg GPV<:365;8/ uhvshfwlyho|1 Erwk wkhvh dxwkruv duh judwhixo
wr wkh Frzohv Irxqgdwlrq ri \doh Xqlyhuvlw|/ iru lwv jhqhurxv krvslwdolw| gxulqj wkh Vsulqj dqg Vxpphu
ri 53341
_Mrkq Jhdqdnrsorv mrlqhg wklv surmhfw diwhu lw zdv douhdg| xqghuzd|1
4
4 Lqwurgxfwlrq
Dffruglqj wr wkh idprxv Ilvkhu htxdwlrq/ wkh udwh ri lq dwlrq lq d vwdwlrqdu| hfrqrp|
vkrxog eh htxdo wr wkh udwh ri lqwhuhvw ohvv wkh wlph glvfrxqw udwh ri wkh djhqwv1 Lq d
qrqvwrfkdvwlf/ vwdwlrqdu| hfrqrp|/ wklv lv suhflvho| wkh fdvh= li wkh fhqwudo edqn vhwv wkh
prqhwdu| udwh ri lqwhuhvw +wkh vdph iru eruurzhuv dqg ghsrvlwruv, htxdo wr wkh udwh ri
wlph suhihuhqfh ri wkh djhqwv/ wkh htxloleulxp udwh ri lq dwlrq zloo eh }hur1 Exw zh vkrz
wkdw zkhq wkh fhqwudo edqn sxuvxhv wkh vdph vwudwhj| lq d vwrfkdvwlf vwdwlrqdu| hfrqrp|
zlwk zhoo0lqiruphg djhqwv/ zkr nqrz wkhlu lqfrph ehiruh ghflglqj rq h{shqglwxuhv/ wkh
h{shfwhg udwh ri lq dwlrq zloo eh srvlwlyh1 Wkh pdjqlwxgh ri wkh lq dwlrq ghshqgv rq
wkh vkdsh ri wkh djhqwv* xwlolw| ixqfwlrq +wkdw lv rq wkhlu dwwlwxgh wrzdug ulvn, dqg rq
wkh yrodwlolw| ri rxwsxw1 Rq wkh rwkhu kdqg/ li djhqwv gr qrw nqrz wkhlu lqfrph ehiruh
wkh| duh fdoohg xsrq wr frpplw wkhpvhoyhv wr h{shqglwxuhv/ wkhq wkh Ilvkhu htxdwlrq lv
uhvwruhg/ 4 dqg vhwwlqj wkh udwh ri lqwhuhvw htxdo wr wkh glvfrxqw udwh zloo uhvxow lq dq
h{shfwhg udwh ri lq dwlrq htxdo wr }hur1
Ilqdoo|/ zh vkrz wkdw lw lv lpsrvvleoh iru d zhoo0lqiruphg fhqwudo edqn wr pdlqwdlq d
frqvwdqw sulfh ohyho lq dq hfrqrp| zlwk vwrfkdvwlf rxwsxw/ hyhq li wkh edqn fdq lqvwdqwd0
qhrxvo| dgmxvw wkh udwh ri lq dwlrq1
Zh frqvwuxfw htxloleuld iru irxu yduldwlrqv ri d vlpsoh hfrqrp| zlwk dw prqh|/ rqh
qrqgxudeoh frpprglw|/ dqg d frqwlqxxp ri lghqwlfdo djhqwv1 Wkh hfrqrp|/ dqg wkh olyhv
ri wkh djhqwv/ duh dvvxphg wr vwuhwfk ryhu dq lqqlwh qxpehu ri wlph0shulrgv q @ 4> 5> ===1
Lq hdfk wlph0shulrg q/ wkh wrwdo surgxfwlrq ri frpprglw| +rxwsxw, lv d udqgrp yduldeoh
\q> djhqwv duh hqgrzhg zlwk htxdo dprxqwv ri wkh frpprglw|/ zklfk lv vrog iru fdvk lq
d frpprglw| pdunhw1 Djhqwv fdq fkrrvh krz wr doorfdwh wkhlu prqh| ehwzhhq vdylqj
dqg frqvxpswlrq h{shqglwxuh lq hdfk shulrg/ dqg vhhn wr pd{lpl}h wkhlu h{shfwhg wrwdo
glvfrxqwhg xwlolw| iurp frqvxpswlrq1
Rxu prgho vroyhv iru d w|sh0v|pphwulf qrqfrrshudwlyh htxloleulxp +WVQH,/ zklfk lq
wklv lqvwdqfh lv htxlydohqw wr wkh uhsuhvhqwdwlyh djhqw dssurdfk ri Oxfdv +4<:;,> zh xvh
g|qdplf surjudpplqj phwkrgv lq d plfurhfrqrplf prgho ri prqh|/ lq wkh wudglwlrq ri
Vkxeln +4<:5,/ Vkxeln dqg Zklww +4<:6,/ Oxfdv +4<;3/ 4<<3,/ Vwrnh| dqg Oxfdv +4<;<,
dqg Ndudw}dv/ Vkxeln dqg Vxgghuwk +4<<7,1 Wkh pdfurhfrqrplf wudglwlrq ri dqdo|}lqj
srolf| dqg prqh| lq d pdunhw0fohdulqj prgho lv ydvw> vhh/ iru h{dpsoh/ Skhosv +4<9:/ 4<:3,/
N|godqg dqg Suhvfrww +4<::,/ Eduur +4<<3,/ Pdqnlz +4<<5,/ Vdujhqw +4<;:/ 4<<<,/ dqg
Doyduh}/ Oxfdv dqg Zhehu +5334,1 Wr rxu nqrzohgjh/ krzhyhu/ wkh txhvwlrqv dgguhvvhg
lq wklv sdshu vhhp wr eh wuhdwhg khuh iru wkh uvw wlph1 Wkh prgho ri Oxfdv +4<<3,/ iru
lqvwdqfh/ lv h{wuhpho| forvh wr rxuv/ exw dqdo|}hv wkh fdvh zkhuh wkh fhqwudo edqn ehkdylru
lv udqgrp dqg rxwsxw lv {hg> djhqwv lq wklv prgho pd| ru pd| qrw nqrz wkh lqwhuhvw
udwh zkhq wkh| pdnh wkhlu vdylqjv frqvxpswlrq fkrlfh1
Wkh irxu yduldwlrqv dulvh lq rxu dqdo|vlv/ ehfdxvh= +4, zh frqvlghu prghov zlwk dqg
zlwkrxw dq rxwvlgh edqn/ wkdw ohqgv dqg dffhswv ghsrvlwv dw d {hg udwh ri lqwhuhvw> dqg
+5, zh frqvlghu orz0lqirupdwlrq prghov lq zklfk djhqwv pxvw elg +l1h1/ doorfdwh fdvk
rxw ri wkhlu kroglqjv, iru frqvxpswlrq lq hdfk shulrg q ehiruh ohduqlqj wkh ydoxh ri wkhlu
hqgrzphqw \q/ dv zhoo dv kljk0lqirupdwlrq prghov zkhuh djhqwv gr nqrz \q zkhq wkh|
elg1 Djhqwv dozd|v nqrz wkh suhydohqw lqwhuhvw udwh ehiruh wkh| dfw1 Lq dq| fdvh/ wkh
sulfh ri wkh frpprglw|  xfwxdwhv udqgrpo| iurp shulrg wr shulrg1
Lq wkh devhqfh ri dq rxwvlgh edqn/ wkh prqh| vxsso| kdv d {hg ydoxhP dqg wkh sulfhv
s4> s5> === ri wkh frpprglw| lq vxffhvvlyh shulrgv duh lqghshqghqw/ lghqwlfdoo| glvwulexwhg
4 Lq dq dfwxdo hfrqrp|/ wkh frqwuro sureohp iru d fhqwudo edqn lv idu pruh frpsolfdwhg wkdq looxvwudwhg
khuh ru lq wkh prghov ri Oxfdv +4<:;/ 4<;3/ 4<<3,1 Rqo| rxwvlgh/ ru jryhuqphqw +dw,/ prqh| lv frqvlghuhg
khuh1 Exw lq uhdolw|/ wkh dprxqw ri fuhglw lq dq hfrqrp| lv xvxdoo| erwk odujhu dqg pruh yrodwloh wkdq wkh
vxsso| ri jryhuqphqw0prqh|> wkxv/ jryhuqphqwdo frqwuro/ ri hlwkhu wkh prqh| vxsso| ru ri wkh lqwhuhvw0
udwh/ lv idu ohvv hhfwlyh wkdq lqglfdwhg lq wkhvh prghov1
5
udqgrp yduldeohv1 Lq wkh orz0lqirupdwlrq prgho zlwkrxw dq rxwvlgh edqn/ wkhvh sulfhv duh
jlyhq e| sq @ P@\q> lq sduwlfxodu/ wkh| gr qrw ghshqg rq wkh djhqwv* xwlolw| ixqfwlrq1
Lq wkh kljk0lqirupdwlrq prgho zlwkrxw dq rxwvlgh edqn/ sulfhv ghshqg fulwlfdoo| rq wkh
xwlolw| ixqfwlrq wkurxjk d qr0duelwudjh frqglwlrq1
Lq wkh orz0lqirupdwlrq prgho zlwk dq rxwvlgh edqn/ wkh prqh| vxsso|Pq lq shulrg q lv
htxdo wr ^+4.,`qP3/ zkhuh  5 +3> 4, lv wkh glvfrxqw idfwru dqg  5 +3>4, lv wkh lqwhuhvw
udwh1 Wkhuh lv d srvlwlyh frqvwdqw  vxfk wkdw wkh sulfh lq shulrg q lv sq @ Pq4@\q1
Wkxv/ wkh h{shfwhg sulfh lq dwhv/ gh dwhv/ ru uhpdlqv frqvwdqw/ dffruglqj wr zkhwkhu
+4., lv odujhu wkdq/ vpdoohu wkdq/ ru htxdo wr/ rqh1 Lq wkh kljk0lqirupdwlrq prgho zlwk
d edqn/ wkh vxffhvvlyh ohyhov ri wkh prqh| vxsso| Pq dqg wkh sulfh sq duh jlyhq e|
Pq @ P3 
q\
n@4




uhvshfwlyho|/ iru q @ 4> 5>   1 Khuh +, lv d vxlwdeoh ixqfwlrq zlwk ydoxhv lq +3> +4.,@,/
lq whupv ri zklfk zh kdyh +, @ 4 .   +,/ dqg wkh vxffhvvlyh surgxfwlrq +rxwsxw,
ohyhov \4> \5>    duh lqghshqghqw/ lghqwlfdoo| glvwulexwhg dqg srvlwlyh udqgrp yduldeohv1
Wkh h{shfwhg ydoxh ri sq lv w|slfdoo| lqfuhdvlqj zkhq +4 . , @ 4> lq rwkhu zrugv/ hyhq
zlwk wkh qdwxudo udwh ri lqwhuhvw  @ 4@ 4 +htxdo wr wkh udwh ri wlph0suhihuhqfh iru
djhqwv,/ wkhuh lv dq lq dwlrqdu| wuhqg lq wklv hfrqrp|1
Wkh qh{w vhfwlrq jlyhv d suhflvh irupxodwlrq ri wkh prghov dqg dq dssursuldwh ghqlwlrq
ri htxloleulxp1 Lq Vhfwlrqv 69 htxloleuld duh frqvwuxfwhg iru hdfk ri wkh irxu prghov lq
wxuq1 Vhfwlrq : glvfxvvhv wkh kljk0lqirupdwlrq prgho iru dq dfwlyh edqn/ wkdw kdv wkh
delolw| wr fkdqjh wkh lqwhuhvw0udwh  A 3 lq hdfk shulrg> lw lv vkrzq wkdw lw lv srvvleoh
iru vxfk d edqn wr frqwuro lq dwlrq shuihfwo|/ lq wkh vhqvh wkdw lw fdq dfklhyh +\q,  4
iru doo q 5 Q zlwk suredelolw| rqh  exw rqo| xqghu fhuwdlq yhu| vwulqjhqw frqglwlrqv rq
wkh glvfrxqw idfwru / wkh xwlolw| ixqfwlrq x+,/ dqg wkh glvwulexwlrq ri wkh hqgrzphqw
yduldeohv \q1
5 Wkh Prghov
Wkhuh lv d frqwlqxxp ri djhqwv  5 L / ^3> 4`/ glvwulexwhg dffruglqj wr d qrqdwrplf
suredelolw| phdvxuh * rq wkh Eruho vxevhwv E+L, ri L1 +Zh xvh wkh v|pero / wr phdq
htxdo e| ghqlwlrq1, Rq hdfk gd|/ ru wlph0shulrg/ q @ 4> 5> ===> hyhu| djhqw  5 L
uhfhlyhv d udqgrp hqgrzphqw \ q +$, lq xqlwv ri d vlqjoh shulvkdeoh frpprglw|1 Wkh
udqgrp yduldeohv i\ q j duh ghqhg rq d jlyhq suredelolw| vsdfh +>I > S ,1 Lq wklv sdshu/
xqolnh rxu suhylrxv zrun lq ^NVV4`/ ^NVV5` dqg ^JNVV`/ zh dvvxph wkdw/ rq dq| jlyhq
shulrg/ doo djhqwv uhfhlyh wkh vdph dprxqw ri frpprglw|> wklv dprxqw pd| ydu| iurp
shulrg wr shulrg15 Wkxv \ q +$, @ \q+$, lv wkh vdph iru doo  5 L/ iru hdfk q 5 Q1 Wkh
wrwdo hqgrzphqw +surgxfwlrq/ rxwsxw, lq wkh hfrqrp|/ qdpho|]
L
\ q +$,*+g, @ \q+$,>
dovr kdv wklv vdph ydoxh1 Zh dvvxph wkdw wkh udqgrp yduldeohv \> \4> \5> === duh lqghshq0
ghqw/ zlwk frpprq glvwulexwlrq  wkdw vdwlvhv
++3>4,, @ S^\ A 3` @ 4 dqg
] 4
3
|+g|, @ H+\ , ? 4 =
5Rxu dvvxpswlrqv khuh duh forvh wr wkrvh ri wkh uhsuhvhqwdwlyh djhqw prgho1 Zh vwuhvv/ krzhyhu/
wkdw zh vroyh rqo| iru d w|sh0v|pphwulf htxloleulxp/ dqg pdnh qr fodlp wkdw hyhu| htxloleulxp wkdw h{lvwv
lv ri wklv irup1
6
Zh vkdoo ghqrwh wkurxjkrxw e| \  vxss+\ , wkh vxssruw ri wkh glvwulexwlrq  ri wkh
udqgrp yduldeoh \ 1
Lq hdfk wlph0shulrg q @ 4> 5> ===/ hyhu| djhqw  ehjlqv zlwk zhdowk Vq4+$, lq dw





Wkhuh lv d frpprglw| pdunhw/ lq zklfk hyhu| djhqw  elgv d qrqqhjdwlyh dprxqw eq+$,
ri dw prqh|/ lq shulrg q1 +Wkh irxu vshflf prghov glvfxvvhg ehorz glhu dv wr zkdw










ri wrwdo elg ryhu rxwsxw1 Djhqw  uhfhlyhv klv elg*v zruwk {q+$, / eq+$,@sq+$, ri wkh
frpprglw|/ frqvxphv lw lpphgldwho|/ dqg wkhuhe| uhfhlyhv x+{q+$,, lq xwlolw|1 Wkh xwlolw|
ixqfwlrq x+,/ frpprq iru doo djhqwv/ lv dvvxphg wr eh ghqhg/ frqfdyh dqg lqfuhdvlqj rq
U
. @ ^3>4,/ dqg glhuhqwldeoh rq +3>4,1




zkhuh  5 +3> 4, lv d glvfrxqw idfwru1
Wkh odz ri prwlrq iru rxu g|qdplf jdph lv jlyhq e| wkh irupxod
Vq +$, @ +4 . , ^V

q4+$, eq+$,` . sq+$,\q+$,> q 5 Q = +518,
Khuh zh vhw  @ 3 iru prghov zlwkrxw d fhqwudo edqn/ dqg 3 ?  ? 4 ghqrwhv wkh lqwhuhvw
udwh iru prghov zlwk d fhqwudo edqn1 Zkhq wkhuh lv qr edqn/ wkh irupxod vd|v wkdw djhqw
*v zhdowk Vq dw wkh hqg ri shulrg q lv klv zhdowk V

q4 dw wkh ehjlqqlqj/ ohvv klv elg e

q/
soxv klv lqfrph sq\q iurp wkh vdoh ri klv hqgrzphqw1 Zkhq wkhuh lv d edqn/ djhqw 
hlwkhu ghsrvlwv wkh dprxqw Vq4  eq lq wkh edqn li Vq4  eq/ ru eruurzv wkh dprxqw
eqVq4 iurp wkh edqn li Vq4 ? eq1 Wkxv/ wkh whup +4.,+Vq4 eq, uhsuhvhqwv zkdw
djhqw  lv sdlg e| wkh edqn/ ru pxvw sd| edfn wr wkh edqn/ ghshqglqj rq zkhwkhu wkh
whup lv srvlwlyh ru qhjdwlyh1
Wkhuh lv wkh srvvlelolw| wkdw dq djhqw pd| qrw uhfhlyh vx!flhqw lqfrph wr sd| edfn klv
ghew wr wkh edqn1 Wklv lqwhuhvwlqj srvvlelolw| zloo qrw dulvh lq wkh htxloleuld zh frqvwuxfw
khuh> vhh ^JNVV` iru prghov zlwk dfwlyh edqnuxswf|1
514 Vwudwhjlhv dqg Lqirupdwlrq
D vwudwhj|  iru dq djhqw  5 L vshflhv hdfk elg eq dv d udqgrp yduldeoh wkdw ghshqgv
rq wkh lqirupdwlrq dydlodeoh wr wkh djhqw dw wkh ehjlqqlqj ri shulrg q1 Zh vkdoo frqvlghu
wzr glvwlqfw srvvlelolwlhv=
+l, orz lqirupdwlrq  hdfk djhqw  ehjlqv shulrg q zlwk lqirupdwlrq Oq4/ d 0
dojheud wkdw phdvxuhv sdvw zhdowk ohyhov V3 / V

n / sulfhv sn/ hqgrzphqwv \n/ dqg
ohyhov ri wkh prqh|0vxsso| Pn iru n @ 4> 5> ===> q 41
7
+ll, kljk lqirupdwlrq  hdfk djhqw  ehjlqv shulrg q zlwk lqirupdwlrq Kq4/ d 
0dojheud wkdw lqfoxghv Oq4 dqg dovr phdvxuhv \q1
Wkh fuxfldo glhuhqfh lv wkdw djhqwv lq kljk0lqirupdwlrq prghov nqrz wkhlu hqgrzphqwv
lq dq| shulrg q ehiruh elgglqj/ zkhuhdv djhqwv lq orz0lqirupdwlrq prghov gr qrw1
Zh vkdoo dvvxph wkdw wkh djhqwv dozd|v sod| vwudwhjlhv i>  5 Lj vr wkdw/ iru
hyhu| q @ 4> 5> ===> wkh pdsslqj +> $, :$ eq+$, lv E+L,Oq4phdvxudeoh +uhvshfwlyho|/
E+L,  Kq4phdvxudeoh, iru orz0 +uhvshfwlyho|/ kljk0, lqirupdwlrq prghov1 Zh dovr
dvvxph wkdw wkh lqlwldo zhdowkv  :$ V3 +$, @ V3 duh qrq0udqgrp/ E+L,phdvxudeoh
ixqfwlrqv1 Wkhq wkh pdfurvfrslf txdqwlwlhv P3/ Pq/ Eq/ sq duh zhoo0ghqhg iru q @
4> 5> ===1
515 Wkh Vwrfkdvwlf Jdphv
E| dq lqlwldo glvwulexwlrq ri zhdowk zh vkdoo phdq d suredelolw| phdvxuh 3 rq E+L,/ vxfk
wkdw
3+E, @ *+i 5 L = V3 5 Ej,=
Jlyhq vxfk d 3 dqg d idplo| ri vwudwhjlhv i>  5 Lj dv deryh/ wkh h{shfwhg ydoxh ri
wkh wrwdo sd|r +517, wr hdfk djhqw  lv ghwhuplqhg1
Ghqlwlrq= Dq htxloleulxp frqvlvwv ri dq lqlwldo glvwulexwlrq 3 dqg d idplo| ri vwudwh0
jlhv i>  5 Lj vxfk wkdw/ iru hyhu|  5 L/  lv rswlpdo iru djhqw  zkhq doo rwkhu
djhqwv  5 L/  9@ / sod| 1
Wkxv/ jlyhq wkh lqlwldo glvwulexwlrq 3 ri zhdowk/ dq htxloleulxp lv/ e| wklv ghqlwlrq/
d Qdvk htxloleulxp iru wkh vwrfkdvwlf jdph1
Lq doo ri wkh prghov frqvlghuhg khuh/ zh vkdoo vhh wkdw wkhuh lv d qdwxudo v|pphwulf
htxloleulxp/ lq zklfk hyhu| djhqw sod|v wkh vdph vwudwhj| dqg kdv wkh vdph zhdowk dw
hdfk vwdjh ri wkh jdph1 Krzhyhu/ wkh ehkdylru ri sulfhv dqg wkh prqh| vxsso| zloo ydu|
iurp prgho wr prgho1
6 D Orz0Lqirupdwlrq Prgho zlwkrxw d Edqn
Vxssrvh wkdw djhqwv pxvw elg lq hdfk shulrg zlwkrxw nqrzohgjh ri wkhlu hqgrzphqw lq
wkh shulrg1 Vxssrvh dovr wkdw wkhuh lv qr edqn ru rwkhu vrxufh ri ordqv iru wkh djhqwv1 Dq
djhqw  zlwk zhdowk Vq4 dw wkh ehjlqqlqj ri dq| shulrg q 5 Q lv wkhq uhvwulfwhg wr elg
dq dprxqw eq 5 ^3> Vq4`1 Ohw
P @ P3 @
]
V3 *+g, A 3
eh wkh lqlwldo prqh| vxsso|1 Wkh odz ri prwlrq +518, wdnhv wkh irup
V4 +$, @ V

3  e4 +$, . s4+$,\4+$,
lq shulrg q @ 41 Lqwhjudwlrq ryhu  5 L zlwk uhvshfw wr wkh suredelolw| phdvxuh */
wrjhwkhu zlwk +514,+516,/ jlyhv
P4+$, @ P3 E4+$, . E4+$,
\4+$,
 \4+$, @ P3 @ P=
Wkxv/ e| lqgxfwlrq/ wkh prqh| vxsso| vwd|v {hg dw Pq @ P iru doo q 5 Q1
8
Wkhruhp 614= Li wkh xwlolw| ixqfwlrq x+, lv vwulfwo| frqfdyh dqg vwulfwo| lqfuhdvlqj/ wkhq
wkhuh lv dq htxloleulxp lq zklfk hyhu| djhqw kdv zhdowk P dqg elgv P lq hyhu| shulrg1
Surri= Vxssrvh wkdw hyhu| djhqw  5 L kdv zhdowk P dqg elgv P dw vrph vwdjh ri wkh
jdph1 Li wkh ydoxh ri wkh hqgrzphqw yduldeoh lv \ / wkhq wkh sulfh lv s+\ , @ P@\ 1 Wkh
qh{w zhdowk ohyho ri vxfk dq djhqw zloo wkhq eh
P P . \ s+\ , @ P=
Wkxv wkh zhdowk ri wkh djhqw vwd|v {hg dw P 1
Qrz frqvlghu wkh rqh0shuvrq sureohp ri d vlqjoh djhqw sod|lqj djdlqvw doo wkh rwkhu
djhqwv zkr kdyh zhdowk P dqg elg P hyhu| shulrg1 Lw vx!fhv wr vkrz wkdw P lv wkh
rswlpdo elg ri wkh vlqjoh djhqw zkr kdv zhdowk P 1
Frqvlghu pruh jhqhudoo| d vlqjoh djhqw zlwk lqlwldo zhdowk v  31 Wkh djhqw fdq elg dq|
dprxqw e 5 ^3> v`/ uhfhlyh x+e@s+\ ,, lq xwlolw|/ dqg wkhq pryh wr ve.\ s+\ , @ ve.P
dw wkh qh{w vwdjh1 Ohw Y +v, eh wkh rswlpdo uhzdug iru wklv djhqw1 Wkhq wkh ixqfwlrq Y +,
vdwlvhv wkh Ehoopdq htxdwlrq




























> e 5 ^3>4,
fdq eh uhjdughg dv dqrwkhu vwulfwo| frqfdyh xwlolw| ixqfwlrq1 Vwdqgdug dujxphqwv vkrz
wkdw Y +, lv frqfdyh1 Frqvhtxhqwo|/
#+e> v, / x+e, .  Y +v e.P,> 3  e  v>
lv vwulfwo| frqfdyh dqg kdv d xqltxh srlqw ri pd{lpxp/ qdpho|
f+v, / dujpd{#+> v,=
Zh qhhg wr vkrz wkdw f+P, @ P 1 Ri frxuvh/ f+P,  P / e| wkh uxohv ri wkh jdph1
Vxssrvh/ e| zd| ri frqwudglfwlrq/ wkdw f+P, ? P 1
Qrz
Y +P, @ x+f+P,, .  Y +5P  f+P,,>
dqg fohduo|/
Y +f+P,,  x+f+P,, .   Y +f+P, f+P, .P, @ x+f+P,, .  Y +P,>
iurp +519,1 Khqfh/
Y +P, Y +f+P,,  ^Y +5P  f+P,, Y +P,`
? Y +5P  f+P,, Y +P,>
frqwudglfwlqj wkh frqfdylw| ri Y +,1 +Wkh qdo/ vwulfw lqhtxdolw| xvhv wkh hdv|0wr0fkhfn
idfw wkdw Y +, lv vwulfwo| lqfuhdvlqj/ ehfdxvh x+, lv1, 
Uhpdun 614= D pruh uhqhg dujxphqw jlyhv f+v, @ v/ ; 3  v  P=
9
Uhpdun 615= Lq wkh htxloleulxp ri Wkhruhp 614/ wkh prqh| vxsso| vwd|v {hg dqg
wkh vxffhvvlyh sulfhv duh P@\4>P@\5> ===1 Dowkrxjk wkh|  xfwxdwh udqgrpo|/ wkhvh sulfhv
kdyh wkh vdph glvwulexwlrq1 Wkhuh lv qr lq dwlrq ru gh dwlrq lq wklv hfrqrp|1
7 D Orz0Lqirupdwlrq Prgho zlwk d Edqn
Djdlq/ djhqwv pxvw elg zlwkrxw nqrzohgjh ri wkhlu hqgrzphqw lq hdfk shulrg1 Krzhyhu/
wkh| duh qrz shuplwwhg wr eruurz ru pdnh ghsrvlwv lq dq rxwvlgh edqn1 Wkh edqn fkdujhv
eruurzhuv dqg sd|v ghsrvlwruv dw d {hg udwh ri lqwhuhvw  5 +3>4,1
Wr frqvwuxfw dq htxloleulxp/ vxssrvh wkdw/ dw vrph vwdjh ri wkh jdph/ wkh prqh|
vxsso| lv P dqg hyhu| djhqw kdv zhdowk bP 1 Vxssrvh ixuwkhu wkdw hyhu| djhqw elgv
e+P, / P>








e+P,*+g, lv wkh wrwdo elg dqg \ lv wkh udqgrp hqgrzphqw +rxwsxw, lq
wkh shulrg1 Krzhyhu/ wkh fdvk lqfrph ri hdfk djhqw iurp wkh vdoh ri \ lv
\ s\ +P, @ P>
d frqvwdqw1 Wkh zhdowk ri hdfk djhqw lq wkh qh{w shulrg ehfrphv
P 3 @ +4 . ,+P  P, . P @ P>
zkhuh  / 4 .    lv wkh udwh ri lq dwlrq%1 Wkh txdqwlw| P lv dovr wkh qhz
prqh|0vxsso|1 Vhohfwlqj  @ +> , / +4 . ,+4 ,@/ zh rewdlq wkh Ilvkhu htxdwlrq
 @ +4 . , > +714,
zklfk h{suhvvhv wkh udwh ri lq dwlrq% dv d vlpsoh ixqfwlrq ri wkh suhydohqw lqwhuhvw udwh
 A 3 dqg wkh qdwxudo glvfrxqw +wlph0suhihuhqfh, idfwru  5 +3> 4, lq wkh hfrqrp|
Ohw +, eh d vwudwhj| wkdw elgv wkh dprxqw e+P, @ P / zkhqhyhu dq djhqw kdv
zhdowk htxdo wr wkh fxuuhqw prqh|0vxsso|1 Li doo djhqwv ehjlq zlwk zhdowk P3 dqg iroorz
+,/ wkhq wkh prqh|0vxsso| dqg zhdowk ri hyhu| djhqw diwhu q gd|v zloo eh
Pq @ 
qP3 @ ^+4 . ,`
qP3=








Wkxv wkh prqh|0vxsso| zloo jhrphwulfdoo| lqfuhdvh/ ghfuhdvh/ ru uhpdlq wkh vdph/ ghshqg0
lqj rq zkhwkhu +4 . , lv odujhu wkdq/ vpdoohu wkdq/ ru htxdo wr/ rqh1 Wkh sulfhv/ ehlqj
udqgrp pxowlsohv ri wkh prqh| vxsso|/ zloo dffruglqjo| lqfuhdvh/ ghfuhdvh/ ru uhpdlq wkh
vdph vwrfkdvwlfdoo|1
Wkhruhp 714= Vxssrvh wkdw wkh xwlolw| ixqfwlrq x+, lv vxfk wkdw
|x3+|,   > ; | 5 \ +715,
krogv iru vrph frqvwdqw  5 +3>4,1 Wkhq wkhuh lv dq htxloleulxp/ lq zklfk hyhu| djhqw
kdv lqlwldo zhdowk htxdo wr wkh lqlwldo prqh| vxsso| P3 dqg xvhv wkh vwudwhj| +,/ zkhuh
 @ +4 . ,+4 ,@1
:
Surri= Dvvxplqj wkdw doprvw hyhu| djhqw  ehjlqv zlwk zhdowk P3 dqg sod|v +,/ zh
qhhg wr vkrz wkdw wkh vwudwhj| +, lv rswlpdo iru d vlqjoh djhqw zlwk zhdowk P31
Wkxv/ ohw xv frqvlghu wkh rqh0shuvrq g|qdplf surjudpplqj sureohp ri dq djhqw zlwk
zhdowk v/ zkhq wkh prqh|0vxsso| lv P 1 Wkh Ehoopdq htxdwlrq iru wkh rswlpdo uhzdug
ixqfwlrq Y +v>P, wdnhv wkh irup








.   Y ++4 . ,+v e, . P> P,

= +716,
Lw vx!fhv wr vkrz wkdw wkh rswlpdo dfwlrq dw vwdwhv ri wkh irup +P>P, lv f+P>P, @
P / zklfk dwwdlqv wkhq wkh vxsuhpxp lq +716, zlwk v @ P 1 Zh ghihu wkh surri ri wklv
idfw wr Vhfwlrq 9/ zkhuh lw zloo eh vhhq wr eh d vshfldo fdvh ri Wkhruhp 914> vhh Uhpdun
9141 
Uhpdun 714= Li wkh lqwhuhvw udwh  vdwlvhv +4 . , @ 4/ zh jhw  @  @ 41 Wkhq/
lq wkh htxloleulxp ri Wkhruhp 714/ wkh prqh|0vxsso| vwd|v {hg dw P @ P3/ dqg wkh
vxffhvvlyh sulfhv P@\4>P@\5> === duh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg/ mxvw dv lq
wkh htxloleulxp ri Wkhruhp 614= wkhuh lv qr lq dwlrq ru gh dwlrq lq wkh hfrqrp|1 Lqghhg/
zlwk wklv fkrlfh ri lqwhuhvw udwh/ djhqwv qhlwkhu eruurz qru ohqg/ wkh edqn lv lqdfwlyh/ dqg
zh uhfryhu wkh htxloleulxp ri Wkhruhp 6141
8 D Kljk0Lqirupdwlrq Prgho zlwkrxw d Edqn
Zh qrz dvvxph wkdw djhqwv nqrz wkh ydoxh ri wkh hqgrzphqw yduldeoh \ lq hdfk shulrg
ehiruh pdnlqj wkhlu elgv> wklv lv wkh kljk0lqirupdwlrq% prgho ri vxevhfwlrq 514+ll,1 +Ri
frxuvh/ djhqwv gr qrw nqrz wkh ydoxhv ri wkhlu hqgrzphqw yduldeohv iru ixwxuh shulrgv1,
Iru wkh prgho ri wklv vhfwlrq/ zh dovr dvvxph wkdw wkhuh lv qr edqn1 Wkxv wkh prqh|
vxsso| P uhpdlqv frqvwdqw/ dv lw glg iru wkh orz0lqirupdwlrq prgho zlwkrxw d edqn1 Zh
dovr dvvxph lq wklv vhfwlrq wkdw wkh xwlolw| ixqfwlrq vdwlvhv frqglwlrq +715, dqg wkdw wkh
h{shfwdwlrqv H^x+\ ,` dqg H^\ x3+\ ,` duh zhoo0ghqhg dqg qlwh1
Vxssrvh wkdw hyhu| djhqw ehjlqv zlwk zhdowk P / nqrzlqj wkdw wkh ydoxh ri wkh uvw
hqgrzphqw yduldeoh \4 lv |1 Vxssrvh ixuwkhu/ wkdw lq wklv vwdwh +P> |,/ hyhu| djhqw elgv













dqg vwduwv wkh qh{w shulrg zlwk zhdowk
P  e+|, . |s+|, @ P=





































Wr dyrlg wkh srvvlelolw| ri duelwudjh/ zh qhhg wkh iroorzlqj frqglwlrq=
;








> ; | 5 \
zlwk htxdolw| kroglqj li e+|, ? P dqg vwulfw lqhtxdolw| kroglqj li e+|, @ P 1 Htxlydohqwo|/
plq

P  e+|, > |x
3+|,
e+|,





@ 3 > ; | 5 \ = +815,
Rxu frqvwuxfwlrq ri dq htxloleulxp ghshqgv rq wkh h{lvwhqfh ri sulfhv wkdw vdwlvi| wklv
frqglwlrq1
Ohppd 814= Wkhuh h{lvw elgv e+|, 5 +3>P ` vdwlvi|lqj wkh qr0duelwudjh frqglwlrq +815,1





d > iru |x
3+|,  dP
P > iru |x3+|, A dP
<@














d > iru |x
3+|,  dP
P




















d > iru |x3+|,  dP
|x3+|,
P > iru |x
3+|, A dP
<@











1 Lqghhg/ e| +817,/











Qrz wkh uljkw0kdqg vlgh i+d, / H^4 b +\ x3+\ ,@dP,` ghqhv d frqwlqxrxv/ ghfuhdvlqj
ixqfwlrq i = +3>4, $ ^4>4, zlwk i+3., @ 4 dqg i+4, @ 41 Vlqfh 3 ?  ? 4/ wkhuh
reylrxvo| h{lvwv d 5 +3>4, zlwk i+d, @ 4=
Iru vxfk d/ zh wdnh e+|,  ed+|, dqg s+|,  sd+|,1 Wkh elgv s+|, wkhq vdwlvi| wkh
qr0duelwudjh frqglwlrq1 
Iurp qrz rq/ e+|, dqg s+|, zloo ghqrwh wkh elgv dqg qr0duelwudjh sulfhv frqvwuxfwhg
lq Ohppd 8141 Zh dovr vhw







Wkhruhp 814= Wkhuh lv dq htxloleulxp lq zklfk hyhu| djhqw kdv zhdowk htxdo wr wkh
prqh| vxsso| P dqg elgv e+|,/ zkhqhyhu | lv wkh ydoxh ri wkh hqgrzphqw yduldeoh1
Iru wkh surri/ frqvlghu d vlqjoh djhqw  5 L dqg vxssrvh wkdw hyhu| rwkhu djhqw  9@ 
kdv zhdowk P dqg elgv e+|, zkhq \ @ |1 Wkhq wkh vlqjoh djhqw  5 L/ zlwk zhdowk
v  3 dqg nqrzlqj \ @ | / idfhv d g|qdplf surjudpplqj sureohp zlwk rswlpdo uhzdug
ixqfwlrq Y +v> |, vdwlvi|lqj wkh Ehoopdq htxdwlrq








.  H^Y +v e. e+|,> \ ,`

> v  3> | 5 \=
Qrwlfh wkdw wklv g|qdplf surjudpplqj sureohp kdv vwdwh vsdfh ^3>4,  \/ dfwlrq vhwv
D+v> |, @ ^3> v`/ odz ri prwlrq
+v> |, $ +v e. e+|,> \ ,
xqghu dfwlrq e/ dqg gdlo| uhzdug u++v> |,> e, @ x+e@s+|,,1 Lw vx!fhv wr vkrz wkdw wkh
rswlpdo elg e dw vwdwh +P> |, lv e+|,/ iru hyhu| | 5 \1
Wr suryh wkdw wklv lv vr/ zh lqwurgxfh dqrwkhu g|qdplf surjudpplqj sureohp zlwk
wkh vdph vwdwhv +v> |,/ dqg odz ri prwlrq/ exw zlwk odujhu dfwlrq vhwv D+v> |, @ ^P> v`
dqg zlwk gdlo| uhzdug iru wdnlqj dfwlrq e dw +v> |, htxdo wr










> D| / x+|, |e+|,= +819,
Qrwlfh wkdw


















Wkxv/ wkh d!qh ixqfwlrq x|+, lv wkh wdqjhqw olqh wr wkh judsk ri wkh frqfdyh ixqfwlrq
e :$ x+e@s+|,, dw wkh srlqw e @ e+|,1 Lq sduwlfxodu/ x|+e,  x+e@s+|,, iru doo e 5 ^3> v`1
Frqvhtxhqwo|/ wkh h{shfwhg uhwxuq iurp dq| vwudwhj| / zklfk lv dydlodeoh lq erwk sure0
ohpv/ zloo eh dw ohdvw dv odujh lq wkh prglhg sureohp dv lw zdv lq wkh ruljlqdo sureohp1
Ohw  eh wkh vwudwhj| wkdw/ dw hdfk vwdwh +v> |,/ xvhv dfwlrq
e+v> |, /

v > li | A d
e+|, . vP > li |  d

5 D+v> |, = +81:,
Qrwlfh wkdw/ iru hyhu| | 5 \/ zh kdyh
e+P> |, /

P > li | A d
e+|, > li |  d

@ e+|, >
dqg wkdw xqghu wkh odz ri prwlrq +518,
+P> |, $ +P  e+P> |, . e+|,> \ , @ +P>\ ,=
Wkxv/ iru dq lqlwldo vwdwh +P> |,/ wkh uhwxuq iurp  lv wkh vdph lq erwk sureohpv> qdpho|/
x+|, .

4  H^x+\ ,`=
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Lw qrz vx!fhv wr vkrz wkdw wkh vwudwhj|  lv rswlpdo lq wkh prglhg sureohp/ iru lw
pxvw wkhq eh rswlpdo dw vwdwhv +P> |, lq wkh ruljlqdo sureohp dv zhoo1
OhwZ +v> |, eh wkh rswlpdo uhzdug ixqfwlrq lq wkh prglhg sureohp1 WkhqZ vdwlvhv
wkh Ehoopdq htxdwlrq
Z +v> |, @ +WZ ,+v> |,>
zkhuh W lv wkh rshudwru
+W,+v> |, / vxs
Pev
^x|+e, .  H+v e. e+|,> \ ,`> +81;,
zkrvh grpdlq lv wkh froohfwlrq ri ixqfwlrqv  = ^3>4, \ $ U iru zklfk wkh uljkw0kdqg
vlgh ri +81;, lv zhoo0ghqhg1
Ghqh T+v> |, wr eh wkh h{shfwhg uhwxuq lq wkh prglhg sureohp iurp wkh vwudwhj| 
dw wkh lqlwldo vwdwh +v> |,/ dqg ohw
y+|, / T+P> |, @ x+|, . 
4  H^x+\ ,`= +81<,
Fohduo| T+v> |,  Z +v> |,/ dqg H^y+\ ,` @ +4 ,4H^x+\ ,`/ vr
y+|, @ x+|, .   H^y+\ ,`= +8143,
Ohppd 815= Iru hyhu| lqlwldo vwdwh +v> |,/ zh kdyh= +l, T+v> |, @ y+|,.|+vP,/ dqg
+ll, +WT,+v> |, @ T+v> |,=
Surri= E| +81:,/ zh kdyh
v e+v> |, . e+|, @ P= +8144,
Khqfh/
T+v> |, @ x|+e
+v> |,, .  H^T+P>\ ,` +8145,
@ D| . |e
+v> |, .  H^y+\ ,`
@ D| . |e+|, . |+vP, .   H^y+\ ,`
@ x+|, . |+vP, .   H^y+\ ,`
@ y+|, . |+vP,>
wkdqnv wr +8143,/ dqg +l, lv yhulhg1 Wr yhuli| +ll,/ ohw
#|+e, / x|+e, .   H^T+v e. e+|,> \ ,` +8146,
@ D| . |e.   H^y+\ , . \ +v e. e+|,P,`=
Wkh frh!flhqw ri e lq wklv h{suhvvlrq lv
|    H^\ ` @ x
3+|,
s+|,






E| +815,/ wklv frh!flhqw lv srvlwlyh iru | A d/ dqg wkh pd{lpxp ri #|+, rq wkh lqwhuydo
^P> v` lv wkhq dwwdlqhg dw e+v> |, @ v> zkhuhdv iru | @ d/ wkh frh!flhqw lv }hur dqg
lq wklv fdvh hyhu| srlqw ri wkh lqwhuydo/ lqfoxglqj e+v> |,/ dwwdlqv wkh pd{lpxp1 Lq
hlwkhu fdvh/ zh kdyh= +WT,+v> |, @ pd{3ev #|+e, @ #|+e
+v> |,, @ x|+e+v> |,, .  
H^T+P>\ ,` @ T+v> |,/ iurp + 8146, dqg +8144,/ +8145,1 
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Surri ri Wkhruhp 814= Zh uvw frqvlghu wkh vshfldo fdvh lq zklfk wkh xwlolw| ixqfwlrq
x+, lv erxqghg iurp ehorz e| d qlwh frqvwdqw/ vd| 1 Wkhq/ xqghu frqglwlrq +715,/ lw fdq
eh fkhfnhg wkdw wkh ixqfwlrq +e> |, :$ x|+e, lv erxqghg iurp ehorz rq wkh vhw ^P> v`\>
vhh wkh Dsshqgl{1 Wkxv/ e| dgglqj d srvlwlyh frqvwdqw wr wkh gdlo| uhzdug/ zh rewdlq
dq htxlydohqw sureohp zlwk srvlwlyh gdlo| uhzdugv1 +Lqghhg/ e| dgglqj d frqvwdqw/ vd|
g @ / wr wkh gdlo| uhzdug/ zh phuho| dgg g@+4, wr wkh wrwdo glvfrxqwhg uhzdug1, Lq
wklv fdvh/ d wkhruhp ri Eodfnzhoo +4<99, vwdwhv wkdw wkh rswlpdo uhzdug ixqfwlrq Z +, lv
wkh ohdvw qrqqhjdwlyh {hg srlqw ri wkh rshudwru W 1 Exw T+, lv vxfk d {hg srlqw/ dqg
T+,  Z +, e| ghqlwlrq/ vr T+, @ Z +, dqg  lv rswlpdo1 Wkxv/ iru x+, vdwlvi|lqj wkh
dvvxpswlrqv ri wklv vhfwlrq/ zh kdyh
T+P> |, @ Y +P> |, @ x+|, .

4  H^x+\ ,`= +8147,
Vxssrvh qrz wkdw x+, lv qrw erxqghg iurp ehorz1 Iru hdfk  A 3/ ohw x+, eh wkh
frqfdyh wuxqfdwlrq ri x+, ghqhg e|
x+, /

x+{, > li {  
c+{, > li 3  { ? 

>
zkhuh c+, lv wkh wdqjhqw olqh wr x+, dw { @ 1 Wkhq x+,  x+, lv erxqghg iurp
ehorz rq ^3>4,1 Ohw T+, dqg Y+, ghqrwh wkh ixqfwlrqv fruuhvsrqglqj wr T+, dqg Y +,/
uhvshfwlyho|/ iru wkh sureohp zlwk xwlolw| ixqfwlrq x+,1 Wkhq zh kdyh
Y +P>|,  Y+P> |, @ T+P> |, @ x+|, . 
4 H^x
+\ ,`=
Ohw  $ 3 dqg xvh wkh prqrwrqh frqyhujhqfh wkhruhp wr frqfoxgh wkdw +8147, uhpdlqv
wuxh lq wkh jhqhudo fdvh1
Uhpdun 814 Lq wkh htxloleulxp ri Wkhruhp 814/ wkh prqh|0vxsso| vwd|v frqvwdqw dqg
wkh vxffhvvlyh sulfhv duh s+\4, @ e+\4,@\4/ s+\5, @ e+\5,@\5> ===1 Dv lq Wkhruhp 614/
sulfhv  xfwxdwh dv lqghshqghqw/ lghqwlfdoo| glvwulexwhg udqgrp yduldeohv1 Wkhuh lv qr
lq dwlrq ru gh dwlrq lq wklv hfrqrp|1 Xqolnh Wkhruhp 614/ wkh sulfhv khuh ghshqg rq wkh
xwlolw| ixqfwlrq wkurxjk wkh qr0duelwudjh frqglwlrq +8=5,/ ru htxlydohqwo| wkh irup +816, ri
wkh rswlpdo elg1
Zh frqfoxgh wklv vhfwlrq zlwk d vlpsoh h{dpsoh zlwk wzr w|shv ri djhqwv zkr glhu
rqo| lq wkhlu lqirupdwlrq1 Dv wkh h{dpsoh looxvwudwhv/ glhuhqfhv lq lqirupdwlrq pd| uhvxow
lq glhuhqfhv lq zhdowk dqg frqvxpswlrq1
H{dpsoh 814= Dvvxph wkdw wkhuh lv qr edqn/ hyhu| djhqw lv ulvn qhxwudo zlwk xwlolw|
ixqfwlrq x+{,  {/ dqg wkh hqgrzphqw yduldeoh \ wdnhv rq wkh ydoxhv 4 dqg 8 zlwk
suredelolw| 425 hdfk1 Ohw wkh glvfrxqw idfwru eh  @ 4@5 dqg ohw wkh vxsso| ri prqh| khog
e| wkh djhqwv eh P @ 41 Ilqdoo| vxssrvh wkdw kdoi ri wkh djhqwv/ fdoohg w|sh 4/ kdyh orz
lqirupdwlrq lq wkdw wkh| kdyh qr nqrzohgjh ri wkh hqgrzphqw yduldeoh \ ehiruh elgglqj
lq hdfk shulrg> dqg wkdw wkh rwkhu kdoi ri wkh djhqwv/ fdoohg w|sh 5/ kdyh kljk lqirupdwlrq
lq wkdw wkh| gr nqrz \ ehiruh elgglqj1
Wkhq wkhuh lv dq htxloleulxp zlwk wzr zhdowk vwdwhv= Lq wkh uvw/ w|sh 4 djhqwv kdyh
zhdowk v @ 4 dqg w|sh 5 djhqwv kdyh wkh vdph zhdowk v @ 4> lq wkh vhfrqg w|sh 4 djhqwv
kdyh zhdowk v @ 6@8 dqg w|sh 5 djhqwv kdyh zhdowk v @ :@81 Lw fdq eh vkrzq wkdw/ lq
htxloleulxp/ dq rswlpdo vwudwhj| iru w|sh 4 djhqwv lv dozd|v wr elg wkhlu hqwluh zhdowk/
dqg dq rswlpdo vwudwhj| iru w|sh 5 djhqwv lv wr elg doo li \ @ 8/ exw wr elg 428 li \ @ 4
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dqg v @ 4 dqg wr elg 628 li \ @ 8 dqg v @ :@81 Wkh sulfh ghshqgv rq wkh ydoxh ri \ 1 Iru
h{dpsoh/ li v @ v @ 4 dqg \ @ 4/ wkhq wkh wrwdo elg lv
4
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Wkh odz ri prwlrq jlyhv wkh qhz zhdowk ydoxhv iru wkh wzr w|shv dv
v4 @ 4 4 . 6
8
 4 @ 6
8





 4 @ :
8
=
Li v @ v @ 4 dqg \ @ 8/ wkhq wkh sulfh lv
s5 @
4






dqg wkh qhz zhdowk ydoxhv duh
v4 @ v4 @ 4 4 . 4
8
 8 @ 4=
Vlplodu fdofxodwlrqv vkrz wkdw iru v @ 6@8> v @ :@8/ dqg \ @ 4/ wkh sulfh lv s4 @ 6@8 dqg
wkh qh{w zhdowk ydoxhv duh v4 @ 6@8> v4 @ :@8> zkloh iru v @ 6@8> v @ :@8/ \ @ 8/ wkh sulfh
lv s5 @ 4@8 dqg v4 @ v4 @ 41 Li wkh hfrqrp| lv htxdoo| olnho| wr vwduw lq hlwkhu ri wkh wzr
zhdowk vwdwhv +4/4, dqg +628/:28,/ wkhq dqrwkhu hdv| fdofxodwlrq vkrzv wkdw wkh dyhudjh
gdlo| xwlolw| hduqhg e| w|sh 4 djhqwv lv ;26 dqg wkdw hduqhg e| wkh ehwwhu0lqiruphg w|sh
5 djhqwv lv 43261
9 D Kljk0Lqirupdwlrq Prgho zlwk d Edqn
Lq wklv vhfwlrq zh dvvxph wkdw djhqwv nqrz wkh ydoxh ri wkhlu hqgrzphqw lq hdfk shulrg
ehiruh elgglqj/ dqg pd| dovr eruurz ru ghsrvlw prqh| lq d edqn dw d {hg lqwhuhvw udwh
 5 +3>4,1 Zh vkdoo frqvwuxfw dq htxloleulxp lq zklfk hyhu| djhqw kdv wkh vdph zhdowk/
htxdo wr wkh prqh|0vxsso| lq hyhu| shulrg/ dqg hyhu| djhqw elgv dq dprxqw sursruwlrqdo
wr klv zhdowk exw ghshqglqj rq wkh ydoxh | ri wkh hqgrzphqw yduldeoh1 Zh dvvxph lq wklv
vhfwlrq/ mxvw dv zh glg lq Vhfwlrq 8/ wkdw wkh xwlolw| ixqfwlrq x+, vdwlvhv frqglwlrqv +715,/
dqg wkdw H^x+\ ,` dqg H^\ x3+\ ,` duh erwk qlwh1
Vxssrvh wkdw dw zhdowk P zlwk revhuyhg \ 0ydoxh |/ hyhu| djhqw elgv dq dprxqw
e|+P, @ +|,P= +914,





dqg lq wkh qh{w shulrg hdfk djhqw*v zhdowk/ dv zhoo dv wkh prqh| vxsso|/ ehfrph
P4 @ +4 . ,+P  e|+P, . |s|+P,
@ +4 .  +|,,P @ +|,P> +916,
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zkhuh +|, / 4 .  +|, lv wkh lq dwlrq0udwh% fruuhvsrqglqj wr wkh hqgrzphqw ydoxh
\ @ |1 Wkxv P4 A 3 dqg s|+P, A 3/ surylghg wkdw
3 ? +|, ? +4 . ,@ +917,
































Li wkh djhqw fduulhv d xqlw ri prqh| ryhu wr wkh qh{w shulrg/ wkh h{shfwhg pdujlqdo xwlolw|
wr eh hduqhg/ lq ylhz ri lqwhuhvw dqg glvfrxqwlqj/ lv














Htxdwlqj wkh h{suhvvlrqv lq +918, dqg +919,/ zh rewdlq wkh iroorzlqj=











> ; | 5 \ = +91:,
Ohppd 914= Wkhuh lv d xqltxh ixqfwlrq  = +3>4, $ +3> +4 . ,@, vdwlvi|lqj wkh






+4 ,|x3+|, . H^\ x3+\ ,`

> ; | 5 \= +91;,














Pxowlso| wkurxjk e| wkh whup |x3+|, dqg wdnh wkh h{shfwdwlrq zlwk uhvshfw wr wkh glvwul0








+4 . ,+4 ,
ru htxlydohqwo|
H^\ x3+\ ,` @
+4 . ,+4 ,&

=














4 .  +|, =
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Exw wklv lv wkh qr0duelwudjh htxdwlrq +91:,1 Wkh dujxphqw uhyhuvhv/ wr suryh xqltxhqhvv1

Iru wkh uhvw ri wklv vhfwlrq/ ohw +, eh wkh ixqfwlrq ghqhg e| +91;,1 Dovr/ ohw ++,,
eh d vwudwhj| wkdw elgv e|+P, @ +|,P lq d wlph0shulrg zkhq wkh prqh|0vxsso| lv P
dqg wkh ydoxh ri wkh hqgrzphqw yduldeoh \ lv |1
Wkhruhp 914= Wkhuh lv dq htxloleulxp lq zklfk hyhu| djhqw kdv lqlwldo zhdowk htxdo wr
wkh prqh| vxsso| P3 dqg xvhv wkh vwudwhj| ++,,1
Wkh surri lv vlplodu wr wkdw ri Wkhruhp 8141 Zh frqvlghu d vlqjoh djhqw/ dqg dvvxph
wkdw hyhu| rwkhu djhqw ehjlqv zlwk zhdowk P @ P3 dqg iroorzv wkh vwudwhj| ++,,1 D
vlqjoh djhqw zlwk zhdowk v  3/ nqrzlqj wkh ydoxh ri \ lv |/ idfhv d g|qdplf surjudpplqj
sureohp zlwk rswlpdo uhzdug ixqfwlrq Y +v> |>P, zklfk vdwlvhv wkh Ehoopdq htxdwlrq=












Wklv g|qdplf surjudpplqj sureohp kdv vwdwh vsdfh ^3>4,  \  ^3>4,/ dfwlrq vhwv
D+v> |>P, @ ^3> v. e|+P,@+4 . ,`/ odz ri prwlrq
+v> |>P, $ ++4 . ,+v e, . e|+P,> \> +|,P,
xqghu dfwlrq e/ dqg gdlo| uhzdug u++v> |>P,> e, @ x+e@s|+P,,= Lw vx!fhv wr vkrz wkdw dq
rswlpdo elg e dw vwdwhv ri wkh irup +P>|>P, lv e|+P,1 Iru wklv zloo lpso| wkdw ++,, lv
dq rswlpdo vwudwhj| iru wkh vlqjoh djhqw/ zkhq doo rwkhu djhqwv sod| ++,,1
Dv lq wkh surri ri Wkhruhp 814/ zh lqwurgxfh d prglhg g|qdplf surjudpplqj
sureohp zlwk wkh vdph vwdwhv +v> |>P,/ dqg odz ri prwlrq/ exw zlwk odujhu dfwlrq vhwv
D+v> |>P, @ ^P>v. e|+P,@+4 . ,`/ dqg zlwk wkh gdlo| uhzdug
u++v> |>P,> e, @ x|>P+e, @ D|>P . |>Pe> +9144,







> D|>P @ x+|, |>Pe|+P,= +9145,
Wkh d!qh ixqfwlrq x|>P +, lv wkh wdqjhqw olqh wr wkh frqfdyh ixqfwlrq e :$ x+e@s|+P,,
dw wkh srlqw e @ e|+P,1 Wkxv x|>P +e,  x+e@s|+P,, iru doo e> vr wkh uhwxuq iurp dq|
vwudwhj| dydlodeoh lq erwk sureohpv lv dw ohdvw dv odujh lq wkh prglhg sureohp dv lq wkh
ruljlqdo sureohp1
Ohw  eh wkh vwudwhj| wkdw/ dw hdfk vwdwh +v> |>P, xvhv wkh dfwlrq
e+v> |>P, @ e|+P, . +vP,= +9146,
Vlqfh
e+P> |>P, @ e|+P,>
dqg/ xqghu wkh odz ri prwlrq +518,/
+P>|>P, $ ++4 . ,+P  e|+P,, . e|+P,> \> +|,P, @ ++|,P>\> +|,P, >
zh vhh wkdw wkh vwudwhjlhv  dqg ++,, fkrrvh wkh vdph dfwlrqv dqg kdyh wkh vdph
h{shfwhg uhwxuq iru dq lqlwldo vwdwh ri wkh irup +P> |>P,1 Wkxv/ li  lv rswlpdo lq wkh
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prglhg sureohp/ wkhq ++,, pxvw eh rswlpdo lq wkh ruljlqdo sureohp dv zhoo/ iru lqlwldo
vwdwhv +P> |>P,1
Wr vhh wkdw  lv rswlpdo lq wkh prglhg sureohp/ ohw Z +v> |>P, eh wkh rswlpdo
uhzdug ixqfwlrq/ dqg ohw T+v> |>P, eh wkh h{shfwhg uhwxuq iurp / iru dq lqlwldo vwdwh
+v> |>P,1 Wkh Ehoopdq htxdwlrq fdq eh zulwwhq dv
Z +v> |>P, @ +WZ ,+v> |>P,
zkhuh
+W,+v> |>P, / vxs
Pev.e|+P,@+4.,
^x|>P +e,. H+++4.,+ve,.e|+P,> \> +|,P,,`
+9147,
lv dq rshudwru dfwlqj rq ixqfwlrqv  = ^3>4,\  ^3>4, $ U/ iru zklfk wkh h{shfwdwlrq
rq wkh uljkw0kdqg vlgh ri wkh htxdwlrq +9147, deryh lv zhoo0ghqhg1 E| dqdorj| zlwk +81<,/
zh dovr ghqh
y+|, / T+P> |>P, @ x+|, . 
4   H^x+\ ,` +9148,
dqg revhuyh wkdw
y+|, @ x+|, .   H^y+\ ,`= +9149,
Ohppd 915= Iru hyhu| lqlwldo vwdwh +v> |>P,/ zh kdyh +l, T+v> |>P, @ y+|,.|>P+v
P,/ dqg +ll, +WT,+v> |>P, @ T+v> |>P,=
Surri= +l, E| +914,/ +916,/ dqg +9146,/ zh kdyh
+4 . ,+v e+v> |>P,, . e|+P, @ +4 . ,+P  e|+P, . e|+P, @ +|,P=
Khqfh/ +9144,+9146, dqg +9148,/ +9149, lpso|
T+v> |>P, @ x|>P+e
+v> |>P,, .   H^T++|,P>\> +|,P,`
@ D|>P . |>Pe
+v> |>P, .  H^y+\ ,`
@ x+|, |>Pe|+P, . |>P+e|+P, . vP, .   Hy+\ ,
@ y+|, . |>P +vP,=
+ll, Ghqh
#+e, / x|>P +e, .   H^T++4 . ,+v e, . e|+P,> \> +|,P,`>
dqg revhuyh wkdw Sduw +l, lpsolhv
#+e, @ D|>P . |>Pe.  H^y+\ , . \>+|,P ++4 . ,+v e, . e|+P, +|,P,`=
Wkh frh!flhqw ri e rq wkh uljkw0kdqg vlgh ri wklv h{suhvvlrq lv
|>P  +4 . , H^\>+|,P ` @ x
3+|,
s|+P,








e| wkh qr0duelwudjh frqglwlrq +91:,1 Wkxv #+, lv d frqvwdqw ixqfwlrq ri e/ dqg +ll, iroorzv
wulyldoo|1 
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Surri ri Wkhruhp 914= Dv lq wkh surri ri Wkhruhp 814/ zh uvw dvvxph wkdw x+, lv
erxqghg iurp ehorz1 Lw fdq wkhq eh fkhfnhg wkdw wkh ixqfwlrq +e> |>P, :$ x|>P +e, dv
lq +914, lv erxqghg iurp ehorz/ xqlirupo| iru e 5 D+v> |>P,/ v A 3/ | 5 \ dqg P A 3
+vhh wkh Dsshqgl{,1 Wkhq d wkhruhp ri Eodfnzhoo +4<99,/ dqg wkh idfw wkdw T+, lv d
{hg srlqw ri wkh rshudwru W lq +9147,/ vkrz wkdw T+, @ Z +, dqg wkdw  lv rswlpdo iru
wkh prglhg sureohp1 Wkxv/ wkh vwudwhj| ++,, lv rswlpdo lq wkh ruljlqdo sureohp/ iru
lqlwldo vwdwhv +P> |>P,1 Wkh fdvh zkhq x+, lv qrw erxqghg iurp ehorz fdq eh kdqgohg
e| d wuxqfdwlrq dujxphqw/ mxvw dv lw zdv lq Vhfwlrq 81 Wkh surri ri Wkhruhp 914 lv qrz
frpsohwh1 
Zh jr rq d eulhi gljuhvvlrq/ lq rughu wr frpsohwh wkh surri ri Wkhruhp 7141
Uhpdun 914= Uhfdoo wkh rqh0shuvrq sureohp lqwurgxfhg lq wkh surri ri Wkhruhp 714/
zlwk rswlpdo uhzdug ixqfwlrq vdwlvi|lqj +714,1 Wklv sureohp fruuhvsrqgv wr d vshfldo fdvh
ri wkh rqh0shuvrq sureohp lq wkh surri ri Wkhruhp 9141 Wr rewdlq wkh vshfldo fdvh/ zh
uhsodfh wkh xwlolw| ixqfwlrq ri Vhfwlrq 7 e|
x+{, / H^x+{\ ,`>
dqg wkhq uhsodfh \ lq Wkhruhp 914 e| wkh frqvwdqw yduldeoh \  41 Wkh Ehoopdq htxdwlrq
+714, wkhq lv htxlydohqw wr +9143 , zlwk s|+P, uhsodfhg e| s4+P, @ P / e|+P, uhsodfhg
e| e4+P, @ P / dqg +|, uhsodfhg e| +4, @  @ +4 . , 1 
Wkh uhvw ri wklv vhfwlrq lv ghyrwhg wr dq h{sorudwlrq ri wkh surshuwlhv ri wkh vxffhvvlyh
ydoxhv ri wkh prqh|0vxsso| iPqj dqg ri wkh sulfhv isqj/ xqghu wkh dvvxpswlrq wkdw doo
djhqwv ehjlq zlwk zhdowk P3 dqg iroorz wkh vwudwhj| ++,, dv lq wkh htxloleulxp ri











iru doo q @ 4> 5> = = =1 Wkxv/ wkh nh| wr dq xqghuvwdqglqj ri iPqj dqg/ frqvhtxhqwo| isqj/
lv wkh udqgrp yduldeoh +\ ,1 Lqghhg/ zh vhh iurp +914:, wkdw wkh prqh|0vxsso| dqg wkh
sulfhv zloo lqfuhdvh/ ghfuhdvh ru vwd| wkh vdph lq h{shfwdwlrq/ dffruglqjo| dv H^+\ ,` lv
juhdwhu wkdq/ ohvv wkdq/ ru htxdo wr/ rqh1
Uhfdoo uvw iurp +916, wkdw/ e| ghqlwlrq/ +|, @ 4 .   +|,1 Wkxv/ e| +91;,/ zh
kdyh wkh jhqhudol}hg Ilvkhu htxdwlrq
+|, @ +4 . ,  H^\ x
3+\ ,`
+4 ,|x3+|, .   H^\ x3+\ ,` +914;,
iru wkh udwh ri lq dwlrq/ dv d ixqfwlrq ri wkh revhuyhg hqgrzphqw ydoxh | 5 \1 Qrwh dovr
wkdw/ lq frqwudvw wr wkh orz0lqirupdwlrq fdvh ri Vhfwlrq 7/ htxdwlrq +714,/ wkh lq dwlrq
udwh ghshqgv qrz dovr rq wkh vkdsh ri wkh xwlolw| ixqfwlrq x+,1
E| dvvxpswlrq/ |x3+|, lv srvlwlyh iru hyhu| ydoxh | ri \ > khqfh
3 ? +|,  4 . = +914<,
Lq wkh vshfldo fdvh zkhq \ x3+\ , lv d1v1 frqvwdqw +h1j1/ iru ghjhqhudwh lqfrph0yduldeohv \ /
ru iru orjdulwkplf xwlolw| ixqfwlrqv,/ zh kdyh +|, @ +4 . ,> lq rwkhu zrugv/ zh uhfryhu
wkh Ilvkhu htxdwlrq ri +714,/ ydolg iru wkh orz0lqirupdwlrq prgho ri Vhfwlrq 71
4:
Wkhruhp 915= +l, Li \ x3+\ , lv qrw frqvwdqw/ dqg +4 . , @ 4/ wkhq H^+\ ,` A 41
Lq rwkhu zrugv/ hyhq iru wkh qdwxudo lqwhuhvw udwh%  @ +4@, 4/ wkhuh lv lq dwlrqdu|
suhvvxuh lq vxfk dq hfrqrp|1
+ll, Iru  A 3 vx!flhqwo| vpdoo/ zh kdyh H^+\ ,` ? 41
+lll, Wkhuh lv d xqltxh lqwhuhvw udwh  @  vxfk wkdw H^+\ ,` @ 4> lqghhg/ zh kdyh
4 .  @ 4@ > zkhuh  /  H

H^\ x3+\ ,`
+4 ,\ x3+\ , .  H^\ x3+\ ,`

= +9153,
Surri= E| +914;,/ zh kdyh
H^+\ ,` @ +4 . ,  H

H^\ x3+\ ,`
+4 ,\ x3+\ , . H^\ x3+\ ,`

>
vr +lll, lv lpphgldwh1 Iru +l,/ vxssrvh wkdw +4 . , @ 41 Wkhq/ e| Mhqvhq*v lqhtxdolw|/
H^+\ ,` A
H^\ x3+\ ,`
+4 ,H^\ x3+\ ,` . H^\ x3+\ ,` @ 4=




 H^\ x3+\ ,`
+4 ,|x3+|, .  H^\ x3+\ ,` ? 4>
dqg dsso| Ohehvjxh*v grplqdwhg frqyhujhqfh wkhruhp1 
E| +914:, dqg Wkhruhp 915/ zh vhh wkdw/ iru 4 .  @ 4@/ wkh h{shfwhg ydoxh ri Pq
dssurdfkhv lqqlw| dv q $ 4/ dv grhv wkh h{shfwhg ydoxh ri sq1 Vlploduo|/ iru vpdoo
srvlwlyh ydoxhv ri / wkh h{shfwdwlrq ri Pq dssurdfkhv }hur dqg vr grhv wkh h{shfwdwlrq
ri sq li H++\ ,@\ , ? 41
Vxssrvh qrz wkdw  @ / wkh fulwlfdo ydoxh ri Wkhruhp 915+lll,/ iru zklfk H^+\ ,` @ 41
Wkhq H+Pq, @ P3 lv frqvwdqw1 Krzhyhu/ wkh yduldqfh ri Pq whqgv wr lqqlw| li \ lv qrw














Ixuwkhupruh/ wkh vhtxhqfh iPqj frqyhujhv wr }hur doprvw vxuho|/ ehfdxvh
orjPq @ orjP3 .
q[
n@4
orj +\n, > q @ 4> 5>   
lv d udqgrp zdon zlwk h{shfwhg lqfuhphqw
H^orj +\ ,` ? orj+H^+\ ,`, @ orj 4 @ 3=
4;
Uhpdun= Dv orqj dv \ lv qrw frqvwdqw/ dqg orj +\ , kdv srvlwlyh/ qlwh yduldqfh/ wkhq
e| wkh fhqwudo olplw wkhruhp
orjPq  orjP3  qH^orj +\ ,`s
qYdu^orj +\ ,`
frqyhujhv lq glvwulexwlrq wr d vwdqgdug qrupdo udqgrp yduldeoh1 Wkxv/ iru q odujh/ Pq
lv dssur{lpdwho| orj0qrupdo1 Olnhzlvh/ iru q odujh/ jlyhq wkdw \q @ |/ wkh sulfh sq lv
dssur{lpdwho| orj0qrupdo e| +914: ,1





|/ dqg  @ 3=<8=
+l, Iru wkh glvwulexwlrq
S ^\ @ 7` @ S ^\ @ 49` @ 4@5 +9154,
zlwk H+\ , @ 43/ zh kdyh H+
s













D @ 3=<836= +9155,
Iru 4. @ 4@ @ 4=3859/ zh jhw H^+\ ,` @ 4=3336 +h{shfwhg lq dwlrq udwh ri 3136(,1
Iru 4 .  @ 4=38/ zh jhw H^+\ ,` @ 3=<<:; +h{shfwhg gh dwlrq udwh ri 3155(,1
Iru 4 .  @ 4@ @ 4=3856/ zh jhw H^+\ ,` @ 4=
+ll, Qrz frqvlghu wkh glvwulexwlrq
S ^\ @ 43` @ S ^\ @ 45` @ S ^\ @ ;` @ 4@6> +9156,
zklfk kdv wkh vdph phdq H+\ , @ 43 dv wkdw ri +9154, exw pxfk vpdoohu yduldqfh/ dqg
H+
s
\ , @ 6=48491 Iru wklv glvwulexwlrq/ wkh frqvwdqw ri + 9153, lv
 @ 3=<8334;> +9157,
vpdoohu wkdq wkh qxpehu ri +9155, dv vkrxog eh h{shfwhg +gxh wr wkh vwurqjhu frqfhqwudwlrq
ri wkh glvwulexwlrq ri \ lq wklv fdvh,/ dqg mxvw voljkwo| odujhu wkdq 1
Iru 4 .  @ 4@ @ 4=3859/ zh kdyh H^+\ ,` @ 4=333351
Iru 4 .  @ 4=38/ zh jhw H^+\ ,` @ 3=<8336;=
Iru 4 .  @ 4@ @ 4=385945/ zh jhw H^+\ ,` @ 4=
H{dpsoh 915= Xwlolw| ixqfwlrq ri h{srqhqwldo w|sh1 Ohw xv wdnh qrz x3+|, @ 5|/
dqg  @ 3=<8 rqfh djdlq1











d txdqwlw| vljqlfdqwo| odujhu wkdq wkdw ri +9155,1
Iru 4 .  @ 4@ @ 4=3859/ zh jhw H^+\ ,` @ 4=3357: +dssur{lpdwho| 3158( h{shfwhg
lq dwlrq,1
4<
Iru 4 .  @ 4=37/ zh jhw H^+\ ,` @ 3=<<38 +318( h{shfwhg gh dwlrq,1
Iru 4 .  @ 4@ @ 4=38/ zh jhw H^+\ ,` @ 41
+ll, Li \ kdv wkh glvwulexwlrq ri +9156,/ wkhq zh rewdlq  @ 3=<848; iru wkh txdqwlw|
ri +9153,/ djdlq vljqlfdqwo| odujhu wkdq wkh qxpehu ri +9157, +fruuhvsrqglqj wr d xwlolw|
ixqfwlrq ri srzhu0w|sh,1
Iru 4. @ 4@ @ 4=3859/ zh jhw H^+\ ,` @ 4=334966 +dssur{lpdwho| 3149( lq dwlrq,1
Iru 4 .  @ 4=38/ zh jhw H^+\ ,` @ 3=<<<49 +313;7( gh dwlrq,1
Iru 4 .  @ 4@ @ 4=383</ zh kdyh H^+\ ,` @ 41
: D Kljk0Lqirupdwlrq Prgho zlwk dq Dfwlyh Edqn
Vxssrvh qrz wkdw wkh edqn vhwv dq lqwhuhvw udwh +|, 5 +3>4, lq hdfk shulrg edvhg rq wkh
revhuyhg ydoxh | ri wkh hqgrzphqw yduldeoh \ lq wkh shulrg1 Dv lq wkh suhylrxv vhfwlrq/
zh dvvxph wkdw hyhu| djhqw kdv zhdowk htxdo wr wkh prqh|0vxsso| dw hdfk vwdjh/ dqg elgv
e|+P, @ +|,P >
zkhuh wkh revhuyhg \ydoxh lv | dqg wkh prqh|0vxsso| lv P 1 Wkh sulfh lv iruphg dv lq
+915,/ dqg wkh fdofxodwlrq ri +916, |lhogv wkh qh{w ydoxh ri wkh prqh| vxsso| dv
P4 @ +|,P>
zkhuh qrz wkh udwh ri lq dwlrq lv
+|, / 4 . +|, +|,+|,= +:14,
Zh vkdoo frqvwuxfw dq htxloleulxp iru wklv prgho/ zklfk jhqhudol}hv wkdw ri Wkhruhp 9141
Wkhq zh vkdoo frqvlghu wkh txhvwlrq ri zkhwkhu wkh edqn fdq vhohfw wkh lqwhuhvw udwhv
+|, A 3 lq vxfk d zd| wkdw +|,  4 lq htxloleulxp/ wkhuhe| nhhslqj wkh prqh|0vxsso|
dqg h{shfwhg sulfhv frqvwdqw1 Dw wkh hqg ri wklv vhfwlrq/ zh frqvlghu wkh pruh gl!fxow
sureohp iru wkh edqn ri kroglqj sulfhv/ udwkhu wkdq h{shfwhg sulfhv/ frqvwdqw1 Zh frqfoxgh
wkdw wklv lv w|slfdoo| lpsrvvleoh iru rxu prghov1 Zh frqwlqxh wr dvvxph +715, dqg wkdw
H^x+\ ,` dqg H^\ x3+\ ,` duh qlwh1











> ; | 5 \ = +:15,
Ohppd :14= Jlyhq wkh lqwhuhvw udwh ixqfwlrq +,/ wkhuh lv d xqltxh ixqfwlrq +, vxfk














4 . +\ ,
 \ x3+\ ,

= +:16,










|x3+|,+|, . +4 . +|,,&
4 . +|,









4 . +\ ,






4   H

+\ ,
4 . +\ ,
 \ x3+\ ,

= +:18,
Vxevwlwxwh wklv h{suhvvlrq iru & lq +:17, dqg glylgh e| |x3+|,/ wr rewdlq +:16,1
Zh kdyh vkrzq wkdw frqglwlrq +:15, lpsolhv +:16,1 Lw lv qrw gl!fxow wr uhyhuvh wkh
dujxphqw/ wr vhh wkdw +:16, lpsolhv +:15 ,1 
Wkhruhp :14= Ohw 3 ? +|, ? 4/ dqg ohw +|, eh jlyhq e| +:16, iru hyhu| | lq wkh
vxssruw ri \ 1 Wkhq wkhuh lv dq htxloleulxp/ lq zklfk hyhu| djhqw kdv zhdowk htxdo wr wkh
prqh|0vxsso| dw hyhu| vwdjh/ dqg elgv +|,P zkhq wkh prqh| vxsso| lv P dqg wkh ydoxh
ri \ lv | 1
Zh rplw wkh surri ri wklv uhvxow/ dv lw lv txlwh vlplodu wr wkh surri ri Wkhruhp 9141
Frqvlghu qrz wkh sureohp ri vhohfwlqj wkh ixqfwlrq +, vr wkdw +|, @ 4 iru doo |1
Rqh srvvlelolw| lv wr vhw +|, @ 3 iru doo |1 Krzhyhu/ wkhuh lv wkhq qr qdwxudo olplw rq wkh
dprxqw dq djhqw lv doorzhg wr eruurz1 Iru wklv uhdvrq/ zh vkdoo frqwlqxh wr lqvlvw wkdw
+|, A 3 iru doo |1
Wkhruhp :15= Li |x3+|, A  H^\ x3+\ ,` iru doo | 5 \/ wkhq/ zlwk
+|, / |x
3+|,
 H^\ x3+\ ,`  4> +:19,
zh kdyh +|,  4 lq wkh htxloleulxp ri Wkhruhp :141












4.+\ ,  \ x3+\ ,
l >
dqg wkhq wkdw +:19, ohdgv wr +|,  41 
Dq reylrxv gudzedfn wr wklv uhvxow lv wkdw/ lq wkh devhqfh ri wkh vwurqj frqglwlrqv
lq Wkhruhp :15/ lw fdq hdvlo| kdsshq wkdw vrph ri wkh txdqwlwlhv rq wkh uljkw0kdqg vlgh
ri +:19, duh qhjdwlyh1 Ixuwkhupruh/ xqghu wkhvh frqglwlrqv/ wkh uhvxow dsshduv wr eh
sdudgr{lfdo lq wkdw wkh fhqwudo edqn vhohfwv wkh lqwhuhvw udwh lq hdfk shulrg lq vxfk d
pdqqhu wkdw wkh djhqwv vshqg wkhlu hqwluh zhdowk1 Wkxv wkhuh lv qhlwkhu eruurzlqj qru
ghsrvlwlqj1 Ghvslwh doo wkh hruwv ri wkh edqn/ lw lv vxshu xrxv dqg wkh htxloleulxp ri
Wkhruhp :15 lv htxlydohqw wr wkh kljk0lqirupdwlrq qr0edqn htxloleulxp ri Wkhruhp 8141
Qrwlfh dovr wkdw/ li \ x3+\ , lv frqvwdqw/ zh uhfryhu djdlq +|,  +4@,  4/ wkh qrq0
lq dwlrqdu| lqwhuhvw udwh ri Vhfwlrq 7 iru wkh orz0lqirupdwlrq prgho zlwk d edqn1
Dqrwkhu jrdo iru dq dfwlyh edqn pljkw eh wr krog sulfhv h{dfwo| frqvwdqw/ udwkhu wkdq
kroglqj h{shfwhg sulfhv frqvwdqw dv lq Wkhruhp :151 Krzhyhu/ li wkh hqgrzphqw yduldeoh
\ lv qrw lwvhoi frqvwdqw/ lw lv w|slfdoo| lpsrvvleoh iru wkh edqn wr vhw lqwhuhvw udwhv vr dv
54
wr krog sulfhv frqvwdqw1 Pruh suhflvho|/ wkhuh w|slfdoo| grhv qrw h{lvw d w|sh0v|pphwulf
htxloleulxp zlwk frqvwdqw sulfhv/ srvlwlyh lqwhuhvw udwhv/ dqg zlwkrxw wkh rffxuuhqfh ri
edqnuxswf|1 Wr dyrlg xqhqoljkwhqlqj whfkqlfdolwlhv/ zh vkdoo jlyh d surri rqo| iru wkh
vshfldo fdvh zkhuh wkh hqgrzphqw yduldeoh \ wdnhv wzr ydoxhv d dqg f zlwk uhvshfwlyh
suredelolwlhv
S ^\ @ d` @ u > S ^\ @ f` @ 4 u >
zkhuh 3 ? d ? f dqg 3 ? u ? 41 Zh dvvxph wklv vshfldo vwxfwxuh iru wkh uhvw ri wkh
vhfwlrq1
Vxssrvh wkdw zh zdqw wkh sulfh sq lq hyhu| shulrg q wr eh wkh vdph/ vd| sq  41 Wkxv/
iru hdfk ydoxh | 5 \  id> fj/ li \q @ |/ zh uhtxluh
sq @ Eq@| @ 4=
Iru d w|sh0v|pphwulf htxloleulxp/ zh pxvw kdyh wkdw wkh wrwdo elg Eq htxdov wkh elgv
e+|, ri wkh lqglylgxdo djhqwv1 Khqfh/
Eq @ e+|, @ |=
Wkdw lv/ hyhu| djhqw elgv d zkhq \ @ d dqg elgv f zkhq \ @ f1









> | 5 id> fj >
ru htxlydohqwo|
4 . +d, @
x3+d,
  H^x3+\ ,` > 4 . +f, @
x3+f,
 H^x3+\ ,` =
Li x3+f, ? x3+d,/ wkhq x3+f, ? H^x3+\ ,`1 Vr/ iru  vx!flhqwo| forvh wr 4/ zh kdyh 4.+f, ?
41 Krzhyhu/ iru  vx!flhqwo| vpdoo/ wkh lqwhuhvw udwhv +d,> +f, duh srvlwlyh1 Zh vkdoo
dvvxph iurp qrz rq wkdw wkh| duh srvlwlyh1
Qh{w/ zh orrn dw wkh ehkdylru ri wkh prqh| vxsso|/ ru htxlydohqwo|/ wkh fdvk kroglqjv
ri dq lqglylgxdo djhqw1 Wkh odz ri prwlrq jlyhv
Pq.4 @ +4 . +\q.4,,  +Pq  \q.4, . \q.4=
Dq hdv| surri e| lqgxfwlrq vkrzv wkdw/ li \4 @ \5 @    @ \q @ |/ wkhq/
Pq @ +4 . +|,,
q  +P3  |, . |=
Qrz frqvlghu srvvleoh ydoxhv iru wkh lqlwldo prqh|0vxsso| P31 Li P3 ? f dqg \4 @
\5 @    @ \q @ f/ wkhq zh kdyh
Pq @ +4 . +f,,
q  +P3  f, . f ? 3>
iru q vx!flhqwo| odujh1 Lq sduwlfxodu/ edqnuxswf| rffxuv zlwk srvlwlyh suredelolw|1 Rq wkh
rwkhu kdqg/ li P3  f A d/ wkhq lw lv hdv| wr vhh iurp wkh odz ri prwlrq wkdw
Pq.4 Pq @ +\q.4,+Pq  \q.4,  3 > ; q @ 3> 4>    >
dqg wkh lqhtxdolw| lv vwulfw zkhq \q.4 @ d1 Lqghhg/ zkhq \q.4 @ d/ zh kdyh
Pq.4 Pq @ +d,+Pq  d,  +d,+f d, A 3=
Wkxv/ zlwk suredelolw| rqh/ hyhu| djhqw hyhqwxdoo| kdv zhdowk h{fhhglqj P31 Exw wkhq
hdfk djhqw fdq vshqg wkh h{fhvv ryhu P3/ wkhuhe| hduqlqj dgglwlrqdo xwlolw|/ dqg frqwlqxh
zlwk wkh ruljlqdo elgglqj vwudwhj| wkhuhdiwhu1 Khqfh/ wkh ruljlqdo vwudwhj| fdqqrw eh
rswlpdo/ dqg zh gr qrw kdyh dq htxloleulxp1
55
; Dsshqgl{
RQ WKH SURRI RI WKHRUHP 814= Xqghu wkh dvvxpswlrq wkdw x+e,   A 4 iru
doo e  3/ zh qhhg wr vkrz wkdw
x|+e,  n > ; e 5 ^P> v` > | 5 \ +;14,
krogv iru vrph n 5 ^3>4,1 Lqghhg/
x|+e, @ D| . e|  D| P|
@ x+|, | ^P . e+|,` @ x+|, ^P . e+|,` x
3+|,
s+|,
 x+|, 5P x
3+|,
s+|,





x+|, 5dP > iru |x3+|,  dP
x+|, 5|x3+|, > iru |x3+|, A dP
,
  5+ b dP,
wkdqnv wr +814,/ +816,/ +819, dqg +715,1 Wklv hvwdeolvkhv +;14, zlwk n @ . 5+ b dP,1
RQ WKH SURRI RI WKHRUHP 914= Dvvxplqj wkdw x+e,   A 4 iru doo e  3/
zh qhhg wr vkrz





> | 5 \ >P A 3 +;15,
iru vrph n 5 ^3>4,1 Lqghhg/
x|>P +e, @ D|>P . e|>P  D|>P P|>P











@ x+|, +4 . ,&
+|,
 4 . 5










4  H^\ x
3+\ ,`

iurp +9144,/ +9145,/ +914,/ +917,/ wkh qr0duelwudjh frqglwlrq +91:,/ dqg +914;,1 Wklv vkrzv











wkdqnv wr frqglwlrq +715,1
< Wzr Srvvleoh H{whqvlrqv
Lw zrxog eh ri frqvlghudeoh lqwhuhvw/ wr h{whqg wkh uhvxowv ri wklv sdshu wr d vlwxdwlrq
zkhuh wkh vxffhvvlyh hqgrzphqwv




ri d sduwlfxodu djhqw  5 L duh lqghshqghqw frslhv ri wkh udqgrp yduldeoh \ / zlwk frpprq
glvwulexwlrq / exw fdq glhu iurp djhqw wr djhqw1 +Lq d vlpsohu frqwh{w/ vxfk d vlwxdwlrq





q +$,*+g, @ T A 3 zdv d srvlwlyh frqvwdqw iru doo q 5 Q dqg $ 5 1,
Lq d frqwh{w olnh wklv/ rqh lv xqolnho| wr rewdlq vxfk h{solflw uhvxowv dv lq wkh suhvhqw
sdshu> qrqhwkhohvv/ vrph jhqhudo/ txdolwdwlyh uhvxowv derxw h{lvwhqfh dqg fkdudfwhul}dwlrq
ri htxloleulxp vkrxog eh srvvleoh wr dfklhyh1
Dqrwkhu lqwhuhvwlqj h{whqvlrq ri wkh prghov ri wklv sdshu zrxog eh wr jhqhudol}h wkh
lqirupdwlrq frqglwlrqv1 Vr idu zh kdyh rqo| doorzhg iru wkh srvvlelolwlhv wkdw djhqwv
dqg wkh edqn hlwkhu kdyh qr lqirupdwlrq ru kdyh shuihfw lqirupdwlrq derxw wkh ydoxh ri
wkh yduldeoh \ ehiruh pdnlqj ghflvlrqv lq d shulrg1 D pruh jhqhudo dqg pruh uhdolvwlf
dvvxpswlrq zrxog eh wkdw wkh| kdyh sduwldo lqirupdwlrq dqg wkdw lqirupdwlrq pd| eh
glhuhqw iru glhuhqw djhqwv1 H{dpsoh 814 lv d prghvw uvw vwhs lq wklv gluhfwlrq1
Uhihuhqfhv
Doyduh}/ I1/ U1H1 Oxfdv ) Z1H1 Zhehu +5334,1 Lqwhuhvw Udwhv dqg Lq dwlrq1
Dphulfdq Hfrqrplf Uhylhz= Sdshuv dqg Surfhhglqjv/ 54<5581
Eduur/ U1 +4<<3,1 Pdfurhfrqrplfv1 Qhz \run= Zloh|1
Eodfnzhoo/ G1 +4<99,1 Srvlwlyh G|qdplf Surjudpplqj1 Surf1 8wk Ehunhoh| V|ps1
Pdwk1 Vwdw1 ) Suredelolw| 4/ 74874;1
^JNVV` Jhdqdnrsorv/ M1/ Ndudw}dv/ L1/ Vkxeln/ P1 ) Vxgghuwk/ Z1G1 +5333,1 D
Fodvv ri Vwudwhjlf Pdunhw Jdphv zlwk Dfwlyh Edqnuxswf|1 Mrxuqdo ri Pdwkhpdwlfdo
Hfrqrplfv 67 / 68<06<91
^NVV4` Ndudw}dv/ L1/ Vkxeln/ P1 ) Vxgghuwk/ Z1G1 +4<<7,1 Vwdwlrqdu| Pdunryldq
Htxloleulxp iru d Vwudwhjlf Pdunhw Jdph1 Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk 4</
<:843391
^NVV5` +4<<:,1 D Vwudwhjlf Pdunhw Jdph zlwk Vhfxuhg Ohqglqj1 Mrxuqdo ri Pdwk0
hpdwlfdo Hfrqrplfv 5;/ 53:57:1
N|godqg/ I1 ) H1F1 Suhvfrww +4<::,1 Uxohv Udwkhu wkdq Glvfuhwlrq= Wkh Lq0
frqvlvwhqf| ri Rswlpdo Sodqv1 Mrxuqdo ri Srolwlfdo Hfrqrp| ;8/ 7:67<41
Oxfdv/ U1H1 +4<:;,1 Dvvhw Sulfhv lq dq H{fkdqjh Hfrqrp|1 Hfrqrphwulfd 79/
475<47761
Oxfdv/ U1H1 +4<;3,1 Htxloleulxp lq d Sxuh H{fkdqjh Hfrqrp|1 Hfrqrplf Lqtxlu|
[YLLL/ 5365531
Oxfdv/ U1H1 +4<<3,1 Oltxlglw| dqg Lqwhuhvw Udwhv1 Mrxuqdo ri Hfrqrplf Wkhru|
83/ 56:5971
Pdqnlz/ Q1J1 +4<<5,1 Pdfurhfrqrplfv1 Qhz \run= Zloh|1
Skhosv/ H1V1 +4<9:,1 Skloolsv Fxuyh/ H{shfwdwlrqv ri Lq dwlrq dqg Rswlpdo Xq0
hpsor|phqw ryhu Wlph1 Hfrqrplfd 5/ 55771
+4<:3,1 Plfurhfrqrplf Irxqgdwlrqv ri Lq dwlrq dqg Hpsor|phqw Wkhru|1
Qhz \run= Qruwrq1
57
Vdujhqw/ W1M1 +4<;:,1 G|qdplf Pdfurhfrqrplf Wkhru|1 Fdpeulgjh/ PD= Kdu0
ydug Xqlyhuvlw| Suhvv1
Vdujhqw/ W1M1 +4<<<,1 Frqtxhvw ri Dphulfdq Lq dwlrq1 Sulqfhwrq/ QM= Sulqfhwrq
Xqlyhuvlw| Suhvv1
Vkxeln/ P1 +4<:5,1 D Wkhru| ri Prqh| dqg Ilqdqfldo Lqvwlwxwlrqv= Ildw Prqh|
dqg Qrqfrrshudwlyh Htxloleulxp lq d Forvhg Hfrqrp|1 Lqwhuqdwlrqdo Mrxuqdo ri
Jdph Wkhru| 4+7,/ 57659;1
Vkxeln/ P1)Z1 Zklww +4<:6,1 Ildw Prqh| lq dq Hfrqrp| zlwk Rqh Qrqgxudeoh
Jrrg dqg Qr Fuhglw +D Qrqfrrshudwlyh Vhtxhqwldo Jdph,1 Lq D1 Eodtxlhuh +hg1,/
Wrslfv lq Glhuhqwldo Jdphv1 Dpvwhugdp= Qruwk0Kroodqg/ ss1 73477;1
Vwrnh|/ Q1O1 ) U1H1 Oxfdv +4<;<,1 Uhfxuvlyh Phwkrgv lq Hfrqrplf G|qdplfv1
Fdpeulgjh= Kduydug Xqlyhuvlw| Suhvv1
L1 Ndudw}dv/ Froxpeld Xqlyhuvlw|/ 94< Pdwkhpdwlfv/ Qhz \run/ Q\ 4335:
P1 Vkxeln/ \doh Xqlyhuvlw|/ Er{ 53;5;4/ Qhz Kdyhq/ FW 39853;5;4
Z1 Vxgghuwk/ Xqlyhuvlw| ri Plqqhvrwd/ 557 Fkxufk Vwuhhw VH/ Plqqhdsrolv/ PQ 88788
M1 Jhdqdnrsorv/ \doh Xqlyhuvlw|/ Er{ 53;5;4/ Qhz Kdyhq/ FW 39853;5;4
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